Abstract Inspired by Cremers s work, this paper proposes a novel method for detecting open boundaries, such as coastline and skyline in an image. This method is based on B-spline function, curve evolution, and the cartoon model of Mumford-Shah functional (M-S model). Because the object to be detected is an open curve in the image domain, two constraint equations are introduced into the M-S model. Thus, the problem of open boundary detection becomes a minimal partition problem. With the partial differential equations (PDEs) of control points and constraint equations, the curve will stop on the desired boundary. The method can be used to detect automatically a curve that separates an image into two distinct regions and is not necessarily defined by gradient, even if the image is very noisy. In addition, with two open curves, our model can be extended to detect belt-like objects, such as rivers and roads. Key words Open curve, diffusion snake, spline curve, boundary detection, M-S model Automatic detection of an open boundary, is of fundamental importance in processing such images as coastline for cartography and ship positioning [1−4] and detecting skylines for navigation and automatic target recognition [5−6] . Numerous approaches to this partition problem have been proposed, including contour detection, edge detection, texture feature analysis, etc.
Automatic detection of an open boundary, is of fundamental importance in processing such images as coastline for cartography and ship positioning [1−4] and detecting skylines for navigation and automatic target recognition [5−6] . Numerous approaches to this partition problem have been proposed, including contour detection, edge detection, texture feature analysis, etc. [1−6] . Then, the open boundary to be detected must be identified among the detected edges, which usually include many pseudo-edges and much more other irrelevant edges. Moreover, due to the noises and complex texture, the edge usually cannot be detected as a continuous one. Thus, post-processing, such as mathematical morphology [3] or curve approximation [5] , is also needed for the connectivity of edges to form a whole open boundary or a continuous curve.
Reference [7] proposed a method for linear features detection based on the snake model [8] using closed parametric curve. However, due to its shortcomings, the snake model is sensitive to noise and the initial curve position. Since Osher and Sethian proposed the level sets [9] and variational framework for image segmentation, numerous approaches known as active contour models have been proposed for image segmentation using level set theory [10−11] . One of the most famous approaches is the C-V (Chan-Vese) model [11] which is based on M-S segmentation techniques [12] and the level set method. For C-V model, curve evolution is based on image region information and level set method. The segmentation model is robust to noise and the initial curve position. In almost every active contour model, contours are supposed to be closed curves, and with level set method they are represented implicitly as the zero level set of a Lipschitz function defined in a higher dimension. In some applications, our interest lies solely in open boundary (edge) detection [13−14] , such as the detection of the coastline and the edge in streak-camera images. In these cases, if we directly apply a general active contour model for open boundary detection, some other objects, such as isolated island, etc., are also detected and it is necessary to recognize which segment of the contour is the desired open boundary. Recently, Lieu and Min [13−14] almost simultaneously proposed Based on M-S and variational partial differential equation (PDE) models [15] and inspired by diffusion snake [16] , we propose a novel method to automatically detect open boundaries. Unlike the method proposed in [13−14] that can only detect open boundary curves with explicit function, in our method the evolving open curve is represented by B-spline curve [17] , so that a general boundary curve can be effectively detected. Although it can be regarded as a special case of diffusion snake, there are many differences between them. First, the evolving contour is an open one in our method, while it is a closed one in the diffusion snake. Second, diffusion snake uses much more control points than our method. Moreover, in many cases, diffusion snake still needs a post-processing to recognize which segment of the detected contour is the demanded boundary after contour detection. Third, with two open curves, our method can be extended to partition the given image into three parts, which can be used for belt-like regions, such as river and road.
Previous work
Let Ω be a bounded open subset of R 2 , and u0 : Ω → R be a given image whose width and height are w + 1 and h + 1, respectively. In order to automatically detect an open boundary with an explicit function in the given image u0, the main idea in [13−14] is modeling it via an explicit function f :
Compared with the method of modeling the detected boundary by the zero level set of a Lipschitz function φ, the evolving curve y = f (x) can be considered as the zero level set of the function φ = y − f (x). In this setting, the curve y = f (x) partitions the given image into two distinct regions. The formulation of the energy function, called 1-D modified C-V model, is expressed as
where H is the Heavisade function. Analogous to the C-V model, the two phases of the segmentation are regions above and below the curve y = f (x) represented by H(y − f (x)) and 1 − H(y − f (x)) in [13−14] instead of the inside and outside regions of a closed evolving contour C C C represented by H(φ) and 1 − H(φ) in C-V model [11] . In whatever cases, the essentiality of piecewise constant image segmentation is to firstly establish the normalized orthogonal basis functions characterizing phases of segmentation, such as H(y − f (x)) and 1 − H(y − f (x)) in 1-D modified C-V model and H(φ) and 1 − H(φ) in C-V model, and then to approximate the original image u0 optimally in a functional framework. The approximating image u can be written as
where ϕi is the characterizing function for the i-th phase and ci is the corresponding average intensity of the original image. The evolution equation deduced by variational method for (1) is
2 Model description
Open curve representation strategy
Our method uses open, uniform, quadratic, and periodic B-spline curve for open curves approximation (for more details, please refer to [18] ). Let P P P i−1, P P P i, and P P P i+1 be three consecutive control points. The i-th quadratic B-spline segment C C Ci can be defined by
where N0,3(s), N1,3(s), and N2,3(s) are blending functions defined in [19] , and
where s ∈ [0, 1]. Given a set of control points P P P i, 1 ≤ i ≤ N , an open curve C C C mid , composed of all quadratic B-spline segments, can be defined as
where B i(s) are the uniform, quadratic, and periodic Bspline basis functions. As is obvious in Fig. 2 (a) , the open spline curve defined above, together with image boundaries, cannot directly form closed regions that are necessary for M-S model. In order to form closed regions, we add another two control points P P P 0, P P P N +1 to the open curve to ensure that the open boundary pases through two points (0, y1) and (w, yN ), where P P P i = (xi, yi). In addition, let C C C1(0) = (0, y1) and C C CN (1) = (w, yN ). Then, the whole open curve C C C can be defined as
The closed regions are established for region-based open boundary detection (see Fig. 2 (b) ). 
Boundary detection model
In 1989, Mumford and Shah proposed a variational approach to image segmentation known as M-S model. When the original image u0 is approximated by a piecewise constant function on the image plane, the M-S model is simplified as
By the open curve representation strategy proposed in Subsection 2.1, we incorporate the evolving contour and image boundaries into a simplified diffusion snake [16] for the open boundary detection modeled as
s. t. P P P 0 = 2C C C1(0) − P P P 1 P P P N +1 = 2C C CN (1) − P P P N (12) where λi is the weighting parameter for every phase Ωi. We use the constraint equation (10) (9) with respect to the contour C C C mid , we have the following evolution equation for C C C mid : Vol. 35
(13) where n n n is the unit inner normal vector on the contour with respect to the region above the contour C C C. The two terms e + and e − denote the energy density [16] of regions above and below the contour C C C, respectively, defined as
where u is given by (2) . Evolving equations for the middle control points P P P i, 1 ≤ i ≤ N are obtained by inserting (6) in (11) .
Discretizing (13) with a set of nodes si along the contour C C C mid , a set of linear differential equations for these evolving control points P P P i, 1 ≤ i ≤ N are deduced. At last, the evolution equations for the coordinates of each middle control point (xi, yi) are deduced.
where 1 ≤ i ≤ N , nx and ny are x and y components of unit normal direction n n n. The cyclic tridiagonal matrix B is obtained by evaluating the spline basis functions at these nodes: Bij = Bi(sj), where si corresponds to the maximum of Bi. We can see that if there only exists the second term, it enforces an equidistant spacing of control points. (10) are the Evolution equations for the end control points, i.e., P P P 0 and P P P N +1. The principal steps of our algorithm are as follows: initializing an open curve that satisfies boundary conditions; starting iteration. For each iteration, we first evolve these middle control points P P P i, 1 ≤ i ≤ N via (14) and (15), and then obtain the first and last control points with (10) . The iteration step is iterated until the solution is stationary. The stationary solution is the desired boundary.
We also extend our method belt-like regions using two open boundary curves that partition the input image into three phases and give a corresponding experimental result. The evolving equations for each curve are similar to (14) and (15) .
Experimental results
In this section, we present some experimental results on synthetic and real images, as well as some comparisons with some relative methods, to validate our method. In these numerical experiments, the intensity of input image is [0 255] and the weighting parameter ν is chosen as 0.002 × 255
2 . First, we implement our method to automatically detect a coastline in a noisy image without denoising (see Fig. 3 ).
As shown in Fig. 4 , we do experiments on a synthetic image to show the advantage of our method over the one proposed in [13−14] . From this example, we can see that the method proposed in [13−14] fails to detect the desired open boundary when it is a general curve that cannot be described with explicit function, while our method can do it. In Fig. 5 , we give an experimental result on skyline detection to show the differences between our method and diffusion snake. From the detection results in Fig. 5 , we can learn that the diffusion snake method requires a post-processing to determine which segment of the detected closed curve is the desired open boundary, while our method has no such need. In addition, the diffusion snake needs more control points than our method for curve evolution. As we have mentioned above, our method can also be extended to automatically detect belt-like regions, such as rivers and roads, by using two open curves to partition the input image into three distinct regions. We also give an experimental result in Fig. 6 .
All results in this paper are obtained under the environment of Matlab 7.0. The CPU time (in seconds) and iterations of our method for all experiments are listed in Table 1 . 
Conclusion and discussion
We proposed a method for automatically detecting general open boundaries such as coastline or skyline, represented by B-spline curve based on M-S model. Then, we extended the model to deal with automatic belt-like regions through using two open curves to partition the given image into three distinct regions, such as rivers and roads. The essentiality of our method is that the middle control points are evolving via M-S model, while the end points are evolving via reasonable boundary conditions in (10) . In our method, the evolving contour is the only open boundary with less control points than diffusion snake method, which, besides the initial open boundary, contains the image boundaries forming the closed curve. With our method, the open boundary curve and its B-spline expression can be directly obtained without any preprocessing and postprocessing, even if the image is noisy. Although the method in this paper is more robust to noise and the initial curve position than the classical snake method, it cannot accurately detect boundaries when they vary very sharply [13] .
